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Answer as many questions as you wish. Full marks may be obtoined by complete
answers to NINE guestions, provided that no more than SIX guestions have been
selected from any one part. All questions carry equal marks.

PART I METRIC AND TOPOLOGICAL SPACES

Question 1 -
(1) Let A={a,b,c,d}, B={1,2,3,4} and let f: A —> B be given by
f@=2 fB=f0=3 fd=4
Write down:
@) fUF1{12,30)
(b) F(f71({2,3,4})).

(it Let g: C — D be a function, where C and D are non-empty sets, and let £
be a subset of D.

{a) Prove that
9(g"H(E) C E.
(b) Prove that if E C g(C) then

E = g(g™!(E)).

Question 2

Let d: R x R — R be defined by

0, ifz= Y, ‘:“‘-‘" %
d(m’y) = { )

W~

o —1+ly—1], fz#y
{1) Show that d is a metric on R.
(i) Determine the following open balls with respect to the metric d:
(a) Bi(0);
{b) Bs{l), where ¢ is a positive real number.
(iii) Show that the function f: R — R defined by
flzy=1-2z, z€R,

is not (d, d)-continuous at 1.

Question 3

Let 9 be the collection of subsets of the set Z of all integers defined as follows:
Ved ifeither 0 Vor ECV, where E={...,~2,0,2,4,...} is the set of all
even integers,

(1) Show that .7 is a topology on Z.
(i) Determine the topology induced by 9 on the set {—1,0,2}.
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Question 4
Let Ty = {A, 7} where A = {a,b,¢} and .7 is the topology

{g1 {b}: {a)b}a {bac}aA}

and let Ty = {Z, 7'} where Z is the set of all integers and 2" is the topology defined
as follows: V € 7 ifeither 0¢ Vor 1 € V.

[You need not check that 9, #” are topologies.]
(i) Prove that f: A ~3 Z given by
fla)=f®B) =1, f(o)=0
is (¥, # )-continuous.
(ii) Prove that g: A —3 Z given by
gla)=glc)=1, g(b)=2
1s not (9, 7 )-continuous.
(i) State whether or not h: A — Z given by
hla) =h(c) =0, h(d)=1

is (7] ")-continuous, justifying your answer.

Question 5

Let 9 be the topology on R which consists of all sets V' such that either 0 ¢ V or
there exists a positive real number r such that (~r,7) ¢ V, and put T = {R, }

[You need not verify that.7" is a topology on R.] ™.
(i} Describe the closed sets of the topological space T'.

(ii) For each of the following subsets of R, state whether or not it is a closed set
of T, justifying your answer:

(8) (~1,1);
(b) {mlal};

11 i
(C) {1,5,5,...,5,.,.}.

(ili) For any set in part (ii) which is not closed in T, write down its closure in 7.
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Question 6

(i) For each positive integer n, let
Av={ (o) e RO ot +af = 11
and let _
A= D An, B=AU{(0,0)}.

neml

For each of the subsets A and B of R? with the usual topology, state whether
or not it is compact, briefly justifying your answer.

(i) Let 7 be the topology on the set N of positive integers consisting of @ and
the sets '

{neN:n>k}

for each positive integer &, and let Ty = {N, 91}. [You need not verify that
g is a topology.] Prove that T} is a compact space.

(iii) Let.Z3 be the topology on the set N of positive integers consisting of @, N and
the sets . '

{neN: n<gk}

for each positive integer &, and let T = {N, Z3}. [You need not verify that
3 is a topology.] State whether or not 73 is a compact space and justify your
answer,

. -\u i
Question T ™

(i) Prove that if H is a connected subspace of a topological space and
H ¢ K ¢ CI(H), then K is connected.

1
(ii) For each positive integer n, let L, be the line segment in R? joining (1, -?;)

and (Ml,—i) and let
7

e~{(49). (o)

Prove that the subspace K of R? with the usual topology is connécted.

Question 8
Let d be the metric on the set N of positive integers defined by

d(i,j) =

i

3 ?:?j7EN‘

[You need not verify that d is a metric.]

(i) Prove that if z,, = n for each positive integer n, then (z,) is a Cauchy sequence
in the metric space {N,d}.

(i) Show that if & € N then
1
>
dlk,z,) = %

for each integer n such that n > 2k,

(iit) Deduce that the metric space {N, d} is not complete.
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PART II GEOMETRIC TOPOLOGY

Question 9

(i) Draw a copy of the polygon below on your answer sheet and, by making the
identifications shown, label each vertex. Hence determine x (the Euler char-
acteristic] and 4 (the number of boundary components) for the corresponding
surface; and explain why it is not orientable by drawing a Mobius band on
your copy of the figure. Hence write down the surface as a connected sum of
copies of RIP? and D2,

3]

(i) By changing the direction of exactly one edge, obtain an orientable surface, and
draw this on your answer sheet. Hence, by making the identifications shown
on your new sketch, label each vertex, and for this new surface determine y
(the Euler characteristic) and 3 (the number of boundary components). Hence
write down the surface as a connected sum of copies of 72 and D2, [4]

(iif) Draw a copy of the polygons below on your answer sheet and, by making the
identifications shown, label each vertex. Hence determine x (the Euler char-
acteristic) and f (the number of boundary components) for the corresponding
surface, and determine if it is orientable or not. Hence write down the surface
as a connected sum of copies of 52, 72, and D? or RP? and D2,

Question 10

(i) Write down the condition that a closed surface subdivided into F 7-sided
polygons has k faces meeting at each vertex. {1]

(i) Write down a formula connecting F, k, and the Euler characteristic X- (2]
(ili) Hence find all possible regular subdivisions of this type when
(8) x=-2 [4]
(b) x=-3 [4]
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Question 11

Reduce each of the following edge equations {or sets of edge equations) to canonical
form. Hence or otherwise classify the surface they define as a connected sum of &
copies of the torus T2, m copies of the real projective plane RP?2, and n copies of
the disc D?, for values of k, m, and n which you should state.

(i) o~ teabdb~leid~l =1
(i) a~teab~ldblcld=1
(iii) aba™! =1, chec™* =1, def =1, fd'1 =1

Question 12

In this question you are asked to investigate all the surface that can be formed from
a 6-sided polygon with three pairs of identified edges.

(i) Write down a formula for the Euler characteristic x of such a surface in terms
of V, the number of vertices, F, the number of edges, and F the number of
faces, and deduce that x must be greater than —2.

(ii} Write down in connected sum form all the possible surfaces that can be made
in this way, and explain why there are no other possibilities.

(iif) Write down an edge equation for each of the surfaces you listed in (ii) which
shows that they can be formed from a 6-sided polygon with three pairs of
identified edges.

Question 13 - PR

L

(i) For each of the following conics (which you may assume are non-degenerate)
locate the branch points when they exist.

(a) 62% —4zw+w? —112+5=0;
(b) 22 +6zw+9uw? —z—1=0; ’
(ii) Hence categorise each of them as one of the following:
(a) homeomorphic to the z-sphere;
(b) a double cover of the z-sphere branched over two points;

(c) a double cover of the z-sphere branched over two points and having a
pinch point.

Question 14

(1) A surface S with edge equation ababedc™ =1 has a three-fold cover by a
surface §' given by the edge equations

alblaibgcldicﬁ =1
_azbzastCdecgi =1
63536261630’,36;1 =1

Use the method of inserting vertices to determine the Kuler characteristic x
and the number of boundary components 3 of the surface 5’

(ii) Determine if the surface S’ is orientable or non-orientable.

(iii) Hence write the surface S’ in connected sum form.
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Question 15

(i) Show that all four zeros of F(z) = 2* 4+ 2+ 7 = 0 le inside the circle
Co = {z:]2] = 2.

(ii) Show that F(z) has no zeros inside the circle C; = {z:[z| = 1}.
(iil}) Show that F'(z) has no real zeros.
(iv) Show that F'(z) has no zeros on the imaginary axis.

(v) By considering the image under F of the contour below, find out how many
zeros of F(z) have both real and imaginary parts positive.

2i

(The contour consists of a, the real axis from 0 to 2, followed by C, the quarter-
circle radius 2 centre the origin, from 2 to 24, followed by b, the imaginary axis
from 2 to 0.)

{vi} Hence determine the number of zeros of F(z) in each quadrant.
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Question 16

(i) Calculate the indices of the rest points in the diagrams (a), (b), and (c) below.
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(ii) On what closed orientable surface, if any, could there be a flow with precisely
1 singularity of type {a), 2 singularities of type (¢}, and no others?

-(iif) On what closed orientable surface, if any, could there be a flow with precisely
1 singularity of type (b}, and no others?

(iv) On what closed orientable surface, if any, could there be a flow with precisely
1 singularity of type (a), one of type (b} and five of type (¢), and no others?

(v} There is exactly one closed orientable surface which could carry a flow with
the following: one singularity of type (a) and a singularity of index 0. Which
surface is it? Illustrate by a sketch that such a flow is possible.

[END OF QUESTION PAPER]
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